Exercise 8.6
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Suppose a deterministic streaming algorithm, say Alg, for Similar-ltems uses at most s bits of
storage. Then Alg can be in at most 2° different states at any point in time. Now, consider the set
of streams X defined as follows. Let S be the set of all subsets of m — 1 distinct elements from the

universe [n] w ;
but where all elements are a muIt|pIe of 3. For each subset S € §, put a stream o into X whose
elements are exactly the items in S. Note that
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Hence, whens < (m — 1) logz LGS there must be two different streams o; € X and o, € X such

that Alg is in exactly the same state after processing o, as it would be after processing o;.

Given that all items in X are distinct, we know that o; and g do not have similar items.
Furthermore, given that each stream in X (including o, and a;) only contains elements which are
multiples of 3, we can conclude that, for each element a; which is a multiple of 3, it must be the
casethatay — 2,a, — 1, ap + 1 and a, + 2 are not in the stream.

Now, since g, and g, are different streams, each having distinct items, there must be an item £ €
[n] such that £ € gy and £ & o{. Now, consider the streams k; = 07 o (£ + 1)) and k; = o7 ©

((£ + 1)); these are the streams with the element £ + 1 appended to them. Clearly, streams x;
and k] have length m. Furthermore, since 4 is in stream g, it must be that £ is a multiple of 3.
This implies that £ + 2 is not in the streams o; and o7, nor in any of the streams k; and k;. Thus
(given that o; and o7 do not contain similar items), x; and k; can only contain a similar item if
£ + 1 is similar to some item in the given stream. Since £ + 2 is not in k; or kj, it follows that
the only item to which € 4+ 1 can be similar is the item £. But £ is only in x; and not in k7. This
implies that the algorithm should give the answer Yes for the stream x; and No for the stream
k1. But this is impossible, given that the state before processing the item £ + 1 is equal for
both streams, and processing the same item from the same starting state cannot lead to

different final states. This means that, if Alg uses less than (m — 1) logz / = () (m log, )
bits, then it cannot be correct on all inputs. Thus, any deterministic streamlng algorithm that
solves Similar-Items exactly must use at least () (m log, ) bits.

Nete: we need the constraint thatm < § to ensure that there are (72/_ 31) streams y

do ndG aesimilar item; upon picking more than n/3 items, one wg € that at

least one item need ielced twice. (Usually, one requjrgs <~ to avoid
trivially having a similar item, but We rfote EtTict elements which are a multiple

of 3 cannot be similar; furthermore, g IS nO C lathe definition
given in the problen pbtem were to state that elements are similar /16 el < 1,

thed o m < — would be necessary.)
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